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1. Introduction

In the qualitative theory of differential equations, a fundamental question is to determine whether the asymptotic
behavior of the solutions reflects the recurrent or asymptotic structure of the coefficients and external forcing
terms. In this context, periodic, almost periodic, asymptotically periodic, and related classes of recurrent functions
have proved to be powerful tools for describing long-time dynamics and establishing the existence of solutions with
prescribed asymptotic behavior.

Integral transforms and special functions provide useful representations of solutions to fractional differential
equations. Ata and Kiymaz introduced a generalized Mellin transform [1] and developed a generalized Laplace
transform with applications to the Bagley-Torvik problem and harmonic vibration models [2]. Ata, Kiymaz, and
Bagkoniis investigated an RC circuit model involving a generalized Caputo derivative [3]. Other studies have
developed special functions based on the Wright function [4], a generalized kernel [5], or two generalized M-series
[6]. The M-Srivastava [7] and M-Lauricella [8] extensions further contribute to this framework through integral
representations and applications to fractional differential equations.

The study of asymptotic periodicity raises a complementary question concerning the long-time behavior of
solutions. In this direction, Cuevas and de Souza [9] investigated S -asymptotically e -periodic solutions of
semilinear fractional integro-differential equations. Our framework replaces the pointwise control of the period
increment by a two-measure averaged control: x is used in the integration, whereas v appears in the normalization.
Under assumption (H1), Theorem 11 establishes the inclusion of the class of S -asymptotically @ -periodic
functions into the more general class considered here. The composition properties and the Volterra operator are then
used to establish the existence and uniqueness of mild solutions for the non-autonomous first-order problem studied in
this paper. This connection should not, however, be interpreted as a direct extension of the fractional models
mentioned above; rather, the present framework provides a broader two-measure setting in which the asymptotic
behavior of solutions can be analyzed.

The study of asymptotic almost periodic goes back to Fréchet [10]. Henriquez et al. [11,12] developed the theory of -
asymptotically -periodic functions and its applications to differential equations. Ait Dads and Lhachimi [13]
subsequently introduced a measure-based pseudo-asymptotic framework and established its basic structural
properties. These classes descried recurrent behavior evolution equations, neutral equations, and related
asymptotic propertie [9,14,15,16].

Measure-based ergodicity makes it possible to separate the recurrent part of a function from a perturbation that is
negligible in an averaged sense. The onemeasure framework of Ait Dads and Lhachimi [13] and the translation-
invariance criteria of Gu and Li [17] provide the background for the present study. Here, two positive measures,
4 andv , play distinct roles: x determines the integral, whereas v determines its normalization. We call the
resulting class doublemeasure pseudo S -asymptotically o -periodic. This separation allows the two measures to
have different growth rates.

The introduction of this two-measures setting leads to a larger and richer family of weighted ergodic functions
and requires a careful analysis of its structural properties. In particular, we investigate the invariance of the
resulting spaces under translations, composition operators, and convolution operators. We also establish inclusion
relations between the corresponding function classes and characterize their translation invariance under suitable
assumptions on the measures. These results extend several known properties from the one-measure framework and
provide the fundamental analytic tools needed for applications to nonautonomous differential equations.

To explain the role of the two measures more precisely, let x and v be positive Borel measures satisfying appropriate
finiteness and growth assumptions. In the corresponding ergodic mean, x determines the measure with respect to
which the function is integrated, while v determines the normalization factor. In particular, for a suitable function
f, the ergodic component is characterized through a condition of the form.

lim

1
tim [ NSO duo =0.

This formulation clearly illustrates the independent roles of x and v . When g=v , the above definition

reduces to the classical one-measure framework. Hence, the double-measure construction contains the previously
studied setting as a particular case.



Translation invariance is a central issue in the theory of almost periodic and pseudo almost periodic function spaces.
Diagana et al. [18] developed a two-measure framework for pseudo almost periodic and pseudo almost automorphic
solutions of evolution equations. Ait Dads and Lhachimi [13] established translation-invariance and composition properties
in a one-measure pseudo-asymptotic setting. In the present work, we characterize translation invariance for the double-
measure ergodic class through the following condition:

HP)V7rel], VAcaBorelset, (P(4A+7) > 0) < (P(4) - 0).

This condition provides a suitable measure-theoretic framework for recovering translation invariance without
imposing unnecessarily restrictive assumptions on the measures.

We also study the relationship between the newly introduced spaces and the classical spaces of S -asymptotically
o -periodic functions. More precisely, under suitable assumptions, we established inclusion results of the form

I, X;uv)c CB(J, X)),

and characterize the situation in which these inclusions become equalities. These results are complemented by
composition and convolution theorems, which are essential for treating nonlinear integral and differential equations.

The functional framework developed in this paper is then applied to nonautonomous differential equations in
Banach spaces. Let X be a Banach space, let A(r) be a family of linear operators generating an evolution family

{U(t,s)},., , and consider the problem

{x'(t) = A()x(t) + f(t,x(t)) for t > 0} 1

x(0) = x0.

Under appropriate assumptions on the evolution family and the nonlinear term, we investigate the existence and
uniqueness of double-measure pseudo S -asymptotically o -periodic mild solutions of (1).

The main tool is a fixed-point argument based on the Banach contraction principle, combined with the properties
of the function spaces established in the preceding sections.

The main contributions of this paper can be summarized as follows:

(1) We introduce and systematically study the class of double-measure pseudo S -asymptotically w -periodic functions
in Banach spaces.

(2) We develop a new class of measure-ergodic functions involving two positive measures and clarify the distinct
roles played by the integration and normalization measures.

(3) We establish several structural properties of the new functions spaces, including relations, composition results,
and stability under suitable convolution operators.

(4) We characterize the translation invariance of the double-measure ergodic spaces under a measure-theoretic
condition weaker than some of the assumptions commonly used in the one-measure setting.

(5) We apply the abstract framework to nonautonomous differential equations in Banach spaces and establish the
existence and uniqueness of double-measure pseudo S -asymptotically ® -periodic mild solutions by means of the
evolution family and the Banach contraction principle.

The remainder of the paper is organized as follows. In Section 2, we recall the basic notions and preliminary
results concerning evolution families and the function spaces involved in the analysis. Section 3 is devoted to the
introduction and fundamental properties of double-measure pseudo S -asymptotically o -periodic functions and
their associated ergodic spaces. In section 4, we establish the main structural properties of these spaces, including
translation invariance, composition and convolution results. In Section 5, we apply the abstract results to the
nonautonomous differential equation (1) and prove the existence and uniqueness of double measure pseudo § -
asymptotically @ -periodic mild solutions. Finally, an illustrative example is presented to demonstrate the
applicability of the abstract theory.



Table 1. List of notations of spaces used in the paper.

The Banach space of bounded continuous functions from J into X CB(J; X)

The space of bounded continuous (u,v) -ergodic functions EJ; X5 1,v)
The space of measurable (u,v) -ergodic functions. EJ; X5 u1,v)
The space of measurable functions having a bounded normalized (u,v) -mean. BJ; X;1,v)
The space of S -asymptotically @ -periodic functions. SAP,(J;X)
The space of (u,v) -pseudo- S -asymptotically o-periodic functions. PSAP"" (J; X)

The parameter-dependent S -asymptotically @ -periodic class, uniformly on bounded subsets of SAP.  (Jx X:Y)
@,ub ’

X .

The parameter-dependent (u,v) -pseudo- S -asymptotically @ -periodic class, uniformly on

bounded subsets of X .

PSAP! (I x X;Y)

@,ub

_ 4Ny,
v(J,)

The normalized (u,v) -size of the Borel set 4 on J, . P.(4)

(H1) denotes the comparison condition between g(J.) and v(J,).

(HP) denotes the equivalence of asymptotic negligibility of a Borel set and its translates.

(Hyb) denotes the two-sided comparison condition for translated Borel sets.

(T,) denotes the growth condition imposed on the normalizing measure v under translations of J..

2. Definitions and Preliminary Results

We briefly introduce some further notations and basic facts which will be used throughout the paper. Throughout
this paper, we work on a domain J e {R*,]R} , and set J, = [—r,r]ﬂJ . Let (X,||.])) denote a Banach space and CB(J,X)

denotes the Banach space of continuous and bounded functions from J to X , equipped with the supremum norm

171, =sunlr .

Definition 1 [19] We say that A(t) gemerates an o -periodic (w>0) exponentially stable evolutionary process,
U, 9)t=s in X, that is, a two-parameter family of bounded linear operators that satisfies the following conditions:

i) Ut,t)=1for all teR.

i) U(,s)U(s,r)=U(t,r) forall t>2s5>r.

iii) The map (t,s) > U(t,s)x is continuous for every fixed xe X .

iv) U(t+w,s+w)=U(t,s) for all t>s (w-periodicity).

v) There exist k>0 and a >0 such that ||U(z,s)||< ke ™ for t>s.

Definition 2 A4 function feCB(J,X) is said to be S -asymptotically o -periodic (where >0 ), if
‘r‘li@wf(t+w)—f(t):0 . In this case, we say that o is an asymptotic period of f. We denote by SAP,(J;X) the
subspace of CB(J,X) formed by all the S-asymptotically o -periodic functions.

Example 3 f:t+>sin(?) +sinln(1+¢*), feSAP_(R,R), In fact, f(t+2x)— f(t)=sinln(1+ (¢ +27z)*)—sinln(1+#*).

By the mean value theorem, there exists 0 €lt,t+2x[ such that

[sin lin(1+(t+2m)°)-sin In(1+")| = cosln(1+6* )| 0.

|t| >0

o 20
1+

62
Remark 4 Every asymptotically periodic function is S -asymptotically o -periodic function.

In [20], Bochner introduced the concept of almost automorphy, which is a generalization of the almost
periodicity.



Definition 5 A function geC(R,X) is called almost automorphic if, for any sequence of real numbers (t) , there

exists a subsequence of (t) , denoted (t) , such that, for each teR.

lim lim g(¢t+t,—t,) = g(?)

M—>+0 N—>+0

Denote by AA(R,X) the set of all such functions.

Example 6 7(r)= sin% is an almost automorphic function, which is not almost periodic, because it is not
2 —sint —sin 7t

uniformly continuous.
3. New developments in the theory of double measure pseudo S -asymptotically « -periodic functions

In this part, we make extensive use of measure theory to introduce and study the class of double-measure S -
asymptotically o -periodic functions. These new notions generalize all the different notions of weighted
ergodicity recently introduced in the literature. In contrast with [13], here the idea consists of using two positive
measures instead of one. Doing so will provide us with a larger and richer class of weighted ergodic spaces. Basic
properties of these new functions will be studied, including their translation invariance and compositions properties.
etc....

Denote by B the Lebesgue o-field of R and by M the set of all positive measures on B satisfying the following
conditions:

For Je{R",R}, set J, =[-r,r1NJ .
#(J) =+ and u([a,b]) <+, for all a,bel(a<bd).

Let us introduce the following hypothesis:

(H1): For u,ve M, we have: limsupw<

roo VI,

Definition 7 For (u,v)e M, afunction f eCB(J,X) is called (u,v)-ergodic
if
m—— [ 1| £ ll du(t) =0
I S
We denote by EJ,X,u,v) the subspace of CB(J,X) formed by all the (u,v) -ergodic functions. We note that
EDX, ) =EWP, X, p, ) -

We extend the notion of ergodic functions to accommodate cases where the functions may be unbounded or
discontinuous.

Definition 8 /21] For u,ve M, define the space
f:J > X,measurable with respect to the measure u

£d, X mv) = such that }E%MLJU'U)HQIN(O =0.

For uveM, let
f'.JI — X,measurable with respect to the measure 1 such t hat

B(J,X;u,v) = j I f(@) 11 dp(t) <o

(J )
Remark 9 Let pu,ve M, Then
1) £J,X,1,v)cBJ,X,u1,v) .
If, moreover (u,v), satisfies (H1), then for 1< p<o,
i) L’(J,X,u) < B(J,X,u,v). (by Holder’s inequality)

Definition 10 Let © >0 and u,v e M, a function f eCB(J,X) is called (u,v) -pseudo S -asymptotically o -periodic,

if



fim (J +@) = fO 1l du(t) =0,

We denote by PSAP!, (1,X) the subspace of CB(J,X) formed by all the (u,v) -pseudo S -asymptotically o -periodic

®,ub

functions.

PSAP)"(J,X) ={f € CB(I.X); f, - f € EJ.X, wV) |, where f,(t) = f(t + @) . 2)
3.1 Main Results in PSAP" (], X)
Let’s define the bounded linear difference operator

A,:CB(J,X)—> CB(J,X) by (A, /)0)=f(t+a)-f().

and define C,(J;X) = {f € C(J,X) such that ‘li‘mkf(x) = 0} .
Let us give the first essential result in this section.
Theorem 11 Let w>0 The following statements are equivalent:

(1) (HI) holds.

(i) PSAP“¥(J,X), |I-Il, is a Banach space.

(iii) C,(J,X) < PSAP""(J,X) -

(iv) C,(J,X)c ET; X5 V) -

(V) S4P,(J,X) < PSAP"'(J,X) -

For the proof, we need the following lemma:

Lemma 12 Let feCB(J,X), and set u](t):cos(%tj f@ and uz(t)zsin[%tj 7). If u.u, € PSAP*'(J,X) , then
S+ feET,X;uv) -

proof. One has u,,u, € PSAP"(J,X) - Thus A u,Au, € EJ,X;wm,v) -

Using cos(6 +7) =—cos@ and sin(6 + z)=—sinf we obtain

Au () =u(t+w)- u(t)——cos( j(f(t+a))+/(t))

A, () =u,(t+ o) —u,(t) = —sm( )(f(t + )+ f(t) )
Hence

|A, @O N +118,5,0|= |/ + o)+ fO))) [

. t
+ | sin( —)
10}

jz H(f(z+ o)+ [(1) )H

because |cos@|+[sin@|>1. Therefore, f, + f e EWJ, X;u,v).

proof. of Theorem 11

(i) = (ii). Assume (H1). We first show that £(J;X;u,v) is closed in CB(J,X) . Let (f,) be a sequence in
EWJ,X; u,v) such that f, — f uniformly on J. Choose r, >0 such that v(J,)>0 for all »>r. By (H1), there exists

M >0 such that ”EJ)<M for all »>r,: For every r>r,,
v(J,

(J) ol du()< j\V(r) SO duto) + =

sM\\f_ﬁ1w+(7

Letting r —> o gives



1
vJ,)

1
vJ,)

limsup L
r—w

[ lroldun <m|r -,

Finally, letting #n— o, we obtain that limsup L} | /()| (t) =0, hence f €&, X;uv). So EJ,X;uv) is closed.

By definition,
PSAP! (J,X) = A, (ET. X i) -

Since A, is continuous and &(J,X;uv) is closed, its inverse image is closed. Hence PSAP*"(J,X) is closed in

CB(J,X), so it is a Banach space with respect to the supremum norm.
(i1)— (iii). Assume (ii), i.e. PSAP*"(J,X) is closed in CB(J,X) - We claim that C,(J;X) < PSAP*"(J,X) - Indeed, if
peC.(J,X) then A,p has compact support. Therefore L} |Ao()|du() is bounded independently of r. Since

v(J,) > o (because ve M), we get

1
TJ)L ApO)|dut) >0 (r—o),

s0 A, pe&(J,X;u,v) and ¢ e PSAP (J,X) -

Finally, C (J,X) is dense in C,(J,X) with respect to ||-|,,. Since PSAP*"(J,X) is closed and contains C (J,X), we
deduce

C,(J,X)=C,(J,X)" < PSAP"*(J, X) -

(iil)— (iv). Assume C,(J,X)c PSAP!"(1,X) . Let geC,)(J,X), fix x,e X with |x||=1 and set f(r):=|g(®)]x,- Define

() = cos(%j @), ut)= sin(%) 1) -

Then u,,u, € C,(J,X) < PSAP/"(J,X) - Then, by Lemma (12) f, + f € £(J; X;u,v) - Furthermore, using ||x,|=1 and the
definition f(¢):=

lg(®)]x, , we obtain

le@] <llet+ o)+ le®]= 1@+ o)+ 0]
So ge&(J;X;u,v), proving (iv).
(iv) — (1). We proceed by contradiction. Assume that (H1) is false, i.e.

lim A _
=2 y(],)

Then, there exists an increasing sequence r —» oo such that

#3) >n*(n>1).

v(J,)
Choose a continuous decreasing function a: [0,00) — (0,1] such that a(r) = 1 for all n. Let’s put
n

IforO<r<p

a(r)y=41r, —r 1 r-r
——nl +— 2 for re(r,r,,]
nr,,—r, n+ln, -r,

The wvalues at the endpoints coincide on adjacent intervals. So o is continuous and deceasing. Moreover

%Sa(r)sl(rn <r<r,,), which gives that a(r) - 0. Define a(t):=a() . Then aeC,(J) and for every rel],,
n+ n ro®

one has a(t)>a(r,) = L Therefore,
n

>n.

o 1 1 _1 1)
ok a(0yd u(r) >~ a5 [, —du(n) =" 0



So a¢&T;R;u,v) . Taking f(1):=a(t)x, with |x|=1, we have feC,(J,X) but f¢&UJ,X;uv), contradicting (iv).
Hence (H1) must hold. Hence statements (i)- (iv) are pairwise equivalent
(v)— (iii) Assume (v) and let f e C,(J,X) . Since C,(J,X) is translation invariant, then f, — /' € C,(J,X) , consequently
f eSAP,(J,X)< PSAP**(J,X) . It follows that C,(J,X) < PSAP*"(J,X) .

(iv)— (v) Let feS4P,(J,X) , then f, - feCy(J:X)c ET;X;mv) , so fePSAPY"(J,X) , from which we obtain
SAP,(J,X) = PSAP!"(J,X) . This ends the proof.

In this part, we give a generalization of some results in [22].

Theorem 13 The following assertions hold:

1) €3, X;0)cEJT,X;u,v) if and only l'flimsup’u("ﬂ") < 4o,

roto V(J,

2) If 1iminf%>o, then E(J,X;uv) c EJ,X; 1),
ro+o ) .

In particular,

If 0 <liminf ’u((ﬁ’)slimsup ﬂ(“]]")<+oo, then E(J,X;u)=EJ, X;u,v).
v

Tt , r—>+o V(Jr

3) 1im 23D 0 if and only if £, X: uv) = CBU, X).

r>+o V("]Ir

proof. The case J=R results from Theorem 3.1 in [22]. Suppose J=R"' . For every Borel set 4cR, the
measures are extended by u,(4)=u(4ANR") . Then x, and v, are positive Borel measures on R that are finite on

compact sets and have infinite total mass. Now let f e CB(R*,X) . Extended to a continuous and bounded function

on R by
{{(r) = /() 120
f®O=70),1<0
Then
w,([=rr1) = 1 ([0,71), v, ((=r.71)=v ([0,7]) >
and

oo

By applying Theorem 3.1 in [22] on R to the couple (u, v,), we immediately obtain the three conclusions on
R".

J0|du @ =] |F O] due) , Thus 1 e ER' X pmv) < [ e ER X p,v,).

3.2 Characterization of £(J, X, u,v)

Theorem 14 Let Je{R,R"} and let u,v e M satisfy (HI). Let Il be a Borel set such that u(I)<+wo and
v(I)<+wo; the case 1= is allowed. If feCB(J,X), then the following assertions are equivalent:

1) feEd,X;umv).

1
2 i -
) fim D [, Jroldus =o.

3) For every £>0,

alfred s 0]> )
r—>+o V("Hr \I)

4) For every ¢ >0, there exists a Borel set I, = J, independent of r, such that u(I,) <+w, v(I,)<+o, and

o ,u({teJ, \1,: f(l)H>£})
ro vJ,\ 1)




proof. Since J, increases to J and v(J)=+w , one hasv(J,) > +w . If B<J is a Borel set and u(B), u(B)<+w,
then

v(J \B) v(J,)-v(J,NB) _ - v(J, NB)

= = 3
v(d,) vd,) v(d,) )

0< vd, N8 < vB) which tends to zero since v(B)<o andv(],)— .
vd,)  v@d,)

Thus, the expression in (3) tends to 1. Moreover v(J\B)=v(J,)-v(J,NB)=v(J,)-v(B) which tends to infinity. Thus,
it is positive for sufficiently large r. In particular, all denominators below are positive for large r. Put M =|f] .
Using these relations with B=17, we have

viJ N 1
v(J,) v(J\D

Mu(D)
v(d,)

0<

@l - [, Jrolun=<=

(J)

Therefore 1) and 2) are equivalent. For £>0, set 4,, ={teJ, \I:|f()|> £} . Chebyshev’s inequality gives

ﬂ(A, Do 1
v(J \1) v(J,\T)

[, Jr@lduo.

so 2) implies 3).
Clearly, 3) implies 4) by taking /,=7. Assume 4). Fix &>0, choose I, as in 4), and put
4, ={teI\L:|f®)]>¢}. Then

m4,) M) AL
v(J,) (J) V(J)

(J L lr©ldu@ <m

The first and third terms tend to zero. By (H1) there exists ¢, >0 such that %gq} , Consequently
14

hmsup (J] I Hf(z)de(t)<C5

Since this holds for every ¢ >0, the limsup is zero; hence f e &(J;X;u,v). Therefore 4) implies 1), and the proof is
complete.

Remark 15 Due to the relation (2), we can characterize the space PSAP*"(J,X)in a manner similar to that used
for £J,X,u,v).

4. Translation Invariance with Two Measures

#(d,)

r

Assume the comparability condition (H1). In particular, there exist , >0 and C, >0 such that <C, (rzr,).Fora

Borel set A= J and » >0, define

P(4)= u4NI,)
v(J,)

For reJ define Ad+r={t+r:tedjc .

We will use the following standard approximation property.

Theorem 16 (Regular approximation). Let J < {R,R*} and let e M . For every Borel set AcJ and every n>0,
there exist a set F closedin J and a set Uopenin J suchthat Fc AcU and u(U\F)<n.

This follows from the regularity of Borel measures that are finite on compact subsets of J ; see [[23], Theorems
2.17(a) and 2.18].

4.1 Characterization of Translation Invariance
4.1.1 Equivalence between bi-invariance under translation and the condition (HP).

Recall: For any Borel set 4 = J; we set



And we assume (H1):

Consider the following two properties.

(BI) Bi-invariance under translation. We say that &(J,X;u,v) is bi-invariant under translation if

VreJ, VfeCB(J,X), fe&(T. X;uv)e T, ecE(T, X;u,v) -

(HP):

Vrel, VfcJ a Borel set, (R(AH)’:CO)@(R(A)V:LO).

Remark 17 If J=R, then we can replace "< " by "= " in (BI) and (HP).

Let feCB(J,X). For ¢>0, we pose

A, =ltel:|fO =}
By Theorem 14, with 7 =&, one has:

feEUX;uv) & Ve >0, P4, )= 0

Now, we give the essential result in this subsection.

Assume the hypothesis

row V

(H1) lim sup% < oo,

r

The Theorem 14, applied with /=0, yields

SelJ, X;uv)eVe>0, P(A, )—>0.

Theorem 18 Under (H1), the properties (BI) and (HP) are equivalent.
proof.

1) (HP)—(BI). Fix r<J and let feCB(J,X). For all xeJ, define
S @) =T f(x)=f(x+7).

For all £>0, one has

2'+Aw,=r+{te.lI:Hf(t+z')HZg}:(z'+,]I) N4, , -

If J=R, then ¢+J=J and 7+4,,=4,,.

If J=R", then 7+J=[r,+o) and
@+DHN4, =4, \N[0.0)N4,,) -
Therefore

4([0,7])
v(J,)

0<P(4,,)-P((z+D)N4,,)<

In both cases,

P,_(z-+A€_,.:) >0 F(4,,)—>0.

By now applying (HP) to the Borel set 4, . , we obtain

efe 2

P(4,,)>0=P(+4,,)—>0.

By combining the two preceding equivalences, we have

P,_(Ag,fr) -0 R,(Ag'f) —0.

10

—0.

4

(%)



This equivalence holds for every ¢ > 0. Then the characterization (4) gives
TfeEd,X;uv)e feEldX;uy) -
Thus, the property (BI) is proved.

2) (BI)—>(HP) Let’s fix reJ and a Borel set 4cJ. Thanks to Theorem 16, we can choose two open sets U, V and
two closed sets ', Gsuchthat Fc AcU , u(U\F)<1 and Gcd+rcV , u(V\G)<1.

First implication: from P.(4) >0 to P(4+7)—>0.
First step: Construction of a neighborhood adapted to translation.
Consider

U=U+n)UJ\J+1))-
If J=R,then J+7z=J and U=U +7.
If J=R", then
J+7=[r,+0), U=U+7)U[0,7) .
In both case, J\U =(J\U)+ 7 . The right-hand side is closed in J . It follows that U is openin J .

For all reJ, t+7 belongs to J+7 . Therefore, it cannot belong to J\(J + 7). Thus
t+reUot+reU+rotel (6)

This equivalence is the precise reason for the introduction of U , particularly in the case J=R".

Second step: Urysohn’s function and membership of CB(J,X).

As GcA+rcU+7cU, the closed sets G and J\U are disjoint. Urysohn’s lemma yields a function & € C(J,[0,1])
such that k(r)=1 (t€G) , k(t)=0 (teJ\U) . Let’s choose x,eX with |x|=1 and consider K(t)=k(t)x, . The

function K is continuous. Moreover,
K@) = k@)|x,|=k@) <1,

thus, K e CB(J,X). Its translation 7.K is also continuous and bounded; hence 7.K € CB(J,X). Thanks to (6), if t¢U,

then t+7¢U, hence k(t+7)=0. Therefore

1

R Oln =] ke

W)
k(t+0)du() < M !

1 ~ ™)
=G b ¥ea <P (A)+TJJ
The last inequality follows from U\AcU\F and of wu(U\F)<n.
Now, assume that P.— 0. The right- hand side of (7) then tends to zero. By the definition of the ergodic space
TKe&lJ,X;uv)-
At this point, we use the reverse implication in (BI):
TKeEJX;uv)y=KeEU,X;uv) -
Consequently

$le |K @) dur) >0

Third step: From K e&(J,X;u,v) to the asymptotic neglidibility of 4+7.

As k=1 on G,

11



— [, Ik dult) =—— k(d u(t)

(J ) V)" . ®
#(GNJ,) 1
2 =P(G)=P(4 -
2= (I,) (G)2 F(A+7) Vi)
In fact, (A+7)\G <V \G and u(V\G)<1.
By rearranging (8), we obtain
1 1
0<P(A+71)< V(J,‘)L, |K 0| d wu(r) + AR

The two terms on the right-hand side tend to zero; thus P.(4+7)— 0. The logical chain of this first implication is
as follows

(4) (BI) %)
P(A)>0=>TKeéEJX;umv)=K e (DX, pv)=P(A+1) >0 .
Second implication: from P(4+7)—>0 to P(4)—>0.

First step: Construction of the second Urysohn function.

One has F+rcAd+rcV : The sets F+r and J\V are closed and disjoint in J . The Urysohn’s lemma
guarantees the existence of a function /e C(J,[0,1]) such that

(t)=1(teF+1), ((t)=0 (te J\V) .
Consider L(#) = /(t)x,. The function L is continuous and
L)) = @) ||| = ) <1 -
Consequently
LeCB(J;X), T.LeCB(J;X) -

Since ¢ vanishes outside of V,

( J S, —— [ [L] du) = ﬁ U(t)d ()
ZMSR(A+r)+ ! . ®
v(d,) v(J,)
Here, V\(4+7)cV\G and u(V\G)<1.
Suppose that P.(4+7)— 0. Estimation (9) implies that
Le &I, X;uv)-

This time, we use the forward implication in (BI):
LeEJ.Xsuv)=TLell X pmy) -
Furthermore

L
v(J,)

Second step: From 7.Le&(J,X;u,v) to the asymptotic negligibility of 4 . If reF , then t+reF+7 , hence
((t+7)=1. It follows that

1
— ——[, (0du
AL (,]I s (6)d u(t) 0
z”(Fm” P(F)>P(A)—17

v(J,) v(J,)

Indeed, AN\FcU\F and pu(U\F)<1.

By rearranging (10), we obtain

12



1 .
v(d,)

1
0<P(4)< " L]P

”

TL(0)| d pt) +

The two terms on the right-hand side tend to zero; thus P.(4) — 0. The logical chain of this second implication is as
follows:

© (8D (0
PA+71)>0=>Lel(J,X;u,v)=>TLe&(J,X;u,v)=P(A4)—0 .
With both implications established for any Borel set 4 = J and all z eJ, the property (HP) is proved.

Now, we introduce the following hypotheses to prepare for the central result of this work:

Hypothesis (Hyb). For all reJ , there exist a constant S(r)>0 and a function ¢, :[0,00{—[0,0[ such that

£.(r) >0 and for r large enough and every Borel set BcJ, ,

(Hyb1): p(B+7)<B(0)u(B)+¢,(rv(d,),
(Hyb2): u(B)<p(@)u(B+1)+e.(r)v(J,).
Hypothesis (T,). For all zeJ, there exist C, >0 and r, >0 such that

vAdAT) o s,
vd,) 7

We give an example of measures (u,v) satisfying (H1), (T,) and (Hyb) when J=R".
We introduce the Borel set

H:U(nz,n2+1)C]R+.

nxzl
Definition of measures. Let v=4, where A is the Lebesgue measure on R*, and we define x by
H(Ey=A(E\H), for every Borel set EcR".

Verification of (H1), (T,) and (Hyb) with an unbounded term o(v(J,).

1) ue M. Indeed for [a,p]cR", we have u([a,b])<b—a <+ . Furthermore u(R")=+wo because, for example,

[7*+1L,(n+1)*]c R\ H, l([n2+1,(n+1)2]):2n and ) 2n diverges.

nx1

2) (H1) for all r>o,%31.
3) (T,), fort >0 and r > 1, one has

v, +r) _r+T

v(J)) r

<2

4) Verification of (Hyb) with an unbounded o(v(J,) term. Fix r>0 andlet 4cJ, be a Borel set. We have
u(E)=AME)-AMENH), EcR" a Borel set.
As A(A+7)=A(4) , one has
p(A+7)=2(A) -2 ((A+7)NH ), p(A)=A(A)-A(ANH) .
Thus
H(A+T) = p(A) = AANH) = A((A+7)NH ).
We deduce that

U(A+7) < u(A) + AANH) < u(A) + A(H N[0, r]),
w(A) < pu(A+7)+A((A+7) NH )< p(A+7)+ AH N[0,r]) >

Since A(H N[0,r]) <A(H N[0, +7]) , we obtain, with B(r)=1,

13



wA+T) S u(A)+p.(r), w(A)<pu(A+7)+p.(r),
and

p.(r)=AHN[0,r+7]) .
p,(r)=o(v(,): For R>0,

HNO[0O,R]c U (nz, n2+l)

1<n’ <R

then
A(HN[0,R]) <|VRI<+R .
It follows that
p(r)<Nr+7.
As v(J,)=r, one has
pr) Nr+z o

v(d,) T o
Then p,(r)=0(v(J,) . Moreover p, (r)=A(H N[0,r +7]) — A(H)=+w . In particular, it is unbounded. This proves

(Hyb) with an unbounded error term.

Remark 19 (Necessity of an unbounded error term). Let us fix rzé and put A. = HN[0,r]. Then u(A4)=0

while

1 1 1
A+-> U |n’,n’+1+=|= U n2+7,n2+37
2 iel+isr 2 1<n<[ 1] 2 2

then

It follows that
,u(A,_+%)2%|_x/r—1J and p(4,)=0,

therefore any inequality of the form pu(A+7)<p()u(A)+p,(r) gives

U+ 2) S AU +p,(0),

thus %L\/V -1l< pi(r) which forces pi(r) to be unbounded. (Recall that p(r)=e(r)v(J,)
2 2

Lemma 20 If u=v and (Hybl) holds, then, for all tel, there exist C,>0 and r. >0 such that

Hd 47D -

way T
In other words, (T,) holds with v =y .
proof. We fix reJ and we apply (Hybl) with B=17,:
u(@, +7) < p@)ud,) + o(ul,)), (r—+0) - (11)
If J=R ; we also have —reJ and then
ud, —7)< p(=0)p,) +o(u(,)) - (12)

For r2>|z|, one has

J+l7=d,+0Ud, -1),

14



hence, by subadditivity, and (11)-(12)
1@+ 1)< (B@) +B0) )ud,) + o u(d,) -
If J=R", one has 7>0 and
J. =0, +0)UJ, .
Thus by (11)
u@,.) < f@ud,) +o(ud@,))+ud,) -
In both cases, we obtain
u(,.)<Cud,)
for r large enough, which proves Lemma 20.
Proposition 21 Under the hypotheses (Hyb) and (T,), the hypothesis (HP) is satisfied.
proof. Fix reJ (Notethat >0 when J=R"). For t>0, set s=r+|7]|.
Step 1: Inequality in the direction A+ 4+7.For r>0, we have the following set identity and inclusion
(A+)NT, =(ANA, - +r=(ANI)+7 -
Then
u((A+0)NT,) < BE@uANT) +o(v () -
By dividing by v(J,) and using (T,), we obtain

P(4+1)< ”ﬂ*’i[ﬂ(rﬂim) +o()]< BEDIC () +o(l) - (13)
1%

»

Step 2: the inequality in the opposite direction. Letis put 4, :=4NJ, < J,. By the second inequality of (Hyb),
u(4,) < p(@)u(4, +7)+o(v(J,)) -
Since 4, +rc(4+7)NJ,, we have
w4, +0)<p((4.+0)NJ, ),
Hence
H(A) < @ (4, +1) NI, )+o(v(I) -
By dividing by v(J,) and using (T,), we obtain

v(J,)
v(J,)

P(A4)< p(r) P(A+1)+0(1)< B(r)C P(A+7)+0(1) - (14)

Step 3: Conclusion (HP). If P(4)—0, then P(4) =P, (4 —0 and (13) leads to P(4+7) > 0. Conversely,

»
r—om

if R(4+7)—>0,then P(4+7)=F, (4+7) >0 and (14) implies that F,(4) —> 0, which proves (HP).

7

Remark 22 If J=R, wp=v, and (Hybl) holds, then (HP) is satisfied. Indeed from Lemma 20, (T,) holds, so
thanks to step 1 of Proposition 21 above P.(4) —»0 implies P.(4+7)—0, and the fact that J=R, leads to (HP).

Corollary 23. Suppose that u=v . If (Hyb) is satisfied, then (HP) holds.

proof. Since (Hyb) includes (Hyb1l), Lemma 21 implies that the condition (T,) is automatically satisfied.
The result then follows directly from Proposition 22.

Remark 24: We give an example of measures for which (HP) holds but (T,) fails.

I=R", du(®)=e"dt, v=u, u =u(0,r], We have

roe v L2 ¢ . ¢
o~ fretdi ~ | (-52e di =| =, S (15)
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For every fixed >0, we have

v(Or+T) 1 s
v[0,r] rer+7

—> +0,

and for r>rt,

/l([O,r—T]) _ r e*eri»rz 50.

1[0,7] r+t roo

The first limit proves that (T,) fails. Let A be a Borel set of R*. Then pu(AN[0,r —z[)<u, . =o(w,) . It follows that

p_HA4 N[0.rD) _ p(AN[0,r —z[) LA Nlr -z,7])
' H, H, H,
#(ANLr =7,7])

>

=o(l)+

Hence

o #AN[r —7,r])

P(A)—0 ifand only if —0. (16)

On the one hand, we have

2 2 2 2
H(E +7) =I e du :J. e ds=e’ I e*e' ds
E+t E E

VE cla,b]= e" " wE)< wE + 1)< e " W(E) . (17)
On the other hand

u((A+o)Nr—7,7))=p((AN[r-2z,r—7]+7)),
then, by (17) we deduce that, for r> 2t
u((A+0)N[r-7,r])

an< <) (18)
where
B o H0r ~ - ~ ,u((Aﬂ[err,r 71']))
(= ,, y((A N[r-2z,r—7] ))Hoc o (19)
and
= (AN =20 1)) ~ e AN 220 2) (20)
4, o M, ~T

from (18), (19) and (20), we deduce that

,u((Aﬂ[r—Zr,r—z'])) 20 ifand only if ,u((A+T)ﬂ[r—r,r])) o
"t K,

Thus, by (16) we have that: P.(A) — 0 if and only if F.(A+7)— 0. Hence (HP) holds.

4.1.2 Special case: Translation invariance of ER, X, ) (J=R,v=p)

This problem was considered for the first time by Blot et al. in [24]. Later, this setting was generalized by Ait
Dads et al. in [13] under the hypothesis (HO0). An other generalization was given in [17] under the hypothesis
(HG).

It is well known that many important properties of measure-pseudo S - asymptotically o -periodic functions
are based on the translation invariance; see [13,16,17,18]. In this part, we introduce a new hypothesis and give a
new result of the translation invariance with conditions weaker than the known ones.

Let p be a positive Borel measure on R, finite on every compact set. For >0 set

I =[orr], P(4)=H4ANL)

p ) , (A< RaBorel set) .
u(l,)
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Assume that (1) - +o.

In what follows, we consider the following hypothesis:

Hypothesis (HG) (Gu-Li type condition, one measure) introduced by Chuan- Yun Gu and Hong-Xu Li in [17].
Hypothesis (HG): For every reR there exist a constant B>0 and a measurable set QR such that:

(HG1) for every Borel set AcR with ANQ=T, wu(A+7)<Pu(A) .

(HG?2) the exceptional set is negligible at the ergodic scale,

y((Q Ni)+ r)
ﬂ(lr) r>+o

Hypothesis (H0). For every reR there exists «, >0 such that for every Borel set 4cR,
uA+7)<a (1+pu(4).

Hypothesis (H0): was introduced by Ait Dads et al. in [13].
4.1.3 Relationships between hypotheses (H0), (HG), and (Hyb). in relation to (HP)

Proposition 25 Assume that hypothesis (HG) satisfied. Then (HP) holds.

proof. Fix reR and a Borel set 4/, . Then,

p(A+7)=p((ANQ) +7)+u((ANQ) +7)
<Pu(ANQ) +u((U,NQ)+7)< pu(A) +o (u(l,) )
Hence (Hyb1) holds. By Remark 22, we conclude that (HP) is satisfied.
Proposition 26 Assume that hypothesis (HO0) is satisfied. Then (Hyb) holds.
proof. (Hyb1) follows immediately from a =o(u(7,)). To obtain (Hyb2) it suffices to apply (HO) to the set

A+t and to the translation -z .

Now, we introduce the hypothesis (H2): limsup #d,) >0

r—w V(J,)

Let us consider AA(R,X), the Banach space of almost automorphic functions from R to X . First, let’s recall
the following lemma:

Lemma 27 [22] Let u,ve M satisfy (H2) and assume that E(R,X;u,v) is translation invariant. If f=g+h where
g€ AAR,X) and he R, X;u;v), then gR)c f(R).
Proposition 28 Under the hypotheses (H1), (H2), and (HP), the following assertions hold:
i) The sum AA(R,X)+ER,X;u,v) is direct.
i) [AA(R,X) ® ER,X; 1,v)] N PSAP“' (R, X) = P(R, X) ® ER,X; 1,v) .
where P (R,X)={f:R — X continuous and ® - periodic} .
proof. i) Let g AA(R,X)NER,X; ,v) . Then 0=g+(-g). By Lemma 27, it follows that g(R)<{0}. Thus g=0.
ii) Since PR, X)cAAR,X) , PR, X)cPSAP"(R,X) and thanks to (HP), we have
E(R,X; 1;v) < PSAP“"(R, X) , SO
P.(R,X)®ER,X; 11,v) [ AA(R, X) ® ER, X; 1) TSAP (R, X) .

Moreover, let f e[AAR,X)® ER,X; 1, v)]N PSAPM(R,X) , Then f=g+¢,with ge AAR,X) and peER,X;v) .
We have f, - fe&R,X;u;v) . On the other hand, f, - f=(g,—g)+(p,—¢) , by the translation invariance, we have
(g,-2) e AAR,X) and (¢,—¢)eER,X;;v) . Since the sum is direct, f,—f=¢,—¢ and 0=g,6—g . Then
g€ P, (R,X), which completes the proof.
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4.1.4 The special case of Lebesgue measure

Hypothesis (HP) is automatic and the inclusion is strict

Let us fix g=4 where A denotes the Lebesgue measure on R* . Consider ve M , such that v(R*)=+w . We put

r

V(r)=v([0,r]), >0 . The hypothesis (H1) becomes limsup

r+% r

< +00 .

Proposition 29 (HP) is automatic when p=2 -

proof. Let us fix a Borel set 4cR* and a number r>0. For r>z, one has (4+7)N[0,r]=(4N[0,r—7])+z. By
translation invariance of the Lebesgue measure, A((4+7)N[0,7])=A(4AN[0,r—7]). So A((A+7)N[0,r])<A(AN[0,r]) .
By dividing by 7 (r), one obtains F(4+7)<P(4). Thus P(4) >0 implies P.(4)—>0.

Conversely, for »>7, one has AN[0,r]<(AN[0,r —7])U[r —z,r] . Thus A(4AN[0,r])<A(4N[0,r—7])+7. But

A(AN[0,r —7])=A((A+7)N[z,r])< A (A +7)N[0,7]).
Consequently, A(4N[0,r])<A((4+7)N[0,r])+7. By dividing by ¥(r) , one obtains F(d)<F(4+7)+ % . As
r

V(r) =+, One has% —0. SoP(4+7)—> 0 implies P(4) — 0, which proves that (HP) holds.
r—m 7 r—o r—o

Proposition 30 Condition (HI) and liminf%:O hold if and only if ER*,X,1) CER",X,Av).
ro+0 r

proof. Sufficient condition: By (H1), we know that &R, X, 1) cER", X, A,v).

r

Now, by hypothesis we have that liminf

=0, then we can therefore construct a sequence (b,), >1 by induction

ro+% V(I")
n-1 V(b ) n n-l1
such that b, >2b, ,, n>2,b,>>b,, n>2,and T"Zn, n>1.Letusput S,=> b .For n>2,as b,>Y b, , one has
k=1 " k=1 k=1
S, <2b,.Since V(b,)>nb,, we obtain 5, < 26, _ Z
Vb, nb, n

Let’s choose a function y e C([0,1];[0,1]) such that y(0)=y(1)=0 and ¢, := L:w(s)ds >0.

t-b,

n

We define a scalar function ¢:R* —[0,1] in the following way. For ¢<€[b,,2b,], we put ¢(z) =(p( ] . Outside the

union of the intervals [b,,2b,], we set up ¢(t)=0. The intervals [b,,2b,] are pairwise disjoint because b,,, >2b, .

n+l n

As y(0)=w(1)=0, the function ¢ is continuous. Moreover, 0<¢(t)<1, t>0.
For all n>1, one has '[bzl (p(t)dtzbn_[;y/(s)ds:cob" . We choose x,eX with |x|=1. We set f()=¢(t)x, . Then

feCB(R";X) and || f(1)|= (). For r=2b, , one has

1 (2, 1 (25,
wh I f(z)\\d:zajb” o) .

So
1 (2, ch ¢
I dr > -0
2b, %0 Iyl 2, 2
It follows that
. 1pery C
h?l?:p;jo [r@ldr=2>o0.

Thus fe&ER",X,1) . Let r>0 be sufficiently large. There exists a unique integer n such that b, <r<b, . As
f®)=o(t)x, and

x,|=1, one has
[lr@lde=[ ptyar
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¢ vanishes outside U,.,[5,,2b,], k>1. Since r<b

n+l >

the segment [0,7] does not intersect any interval [b,,2b,]

with k>n+1. Consequently, the part of [0,7] where ¢ can be nonzero is contained in U}_[5,,25,]. As 0<¢<1, one
obtains

[ p(oyde <3 A(b,,28,)) -
k=1
But A([b,,2b,]) =b, . So
[lrafde< b, =s, .
k=1

As V is increasing and r>b

no

one has V(r)2V(b,). So

® f— .
Vi(r )j 7o) n)
By the previous estimate 5, <" Thus,
v, 2
V( )j Hf(t)Hdt<f.
When r — +o, we also have n — +oo . So

Consequently, f¢E[R",X,A,v); from which it follows that
ERY, X, ) CER, X, Av) .
The necessary condition is a direct consequence of Theorem 13.

Example 31 For n>2, set a, =2" . Define the positive measure

V= l+2nan o (21

n=2

where &, is the Dirac delta function at the point a,. Thus, for every Borel set AcR",

v(4) = A(A)+ Y na,5, (4) .

nz2

We consider the point r,=a,. We have V(a,)=a,+ ). ka,. We have V(a,)>(n+1)a,, and hence ?” ) —0. So,
- a”
limihf 7 =0. For the limsup, let’sput r, = Lot Then, Jfor sufficiently large n, a,<r,<a,, . So
r—>+0 r

V(r,)=r,+ ka, and Y ka, <n’a,= n*2" =o(2" Y =o(r,)

k=2 k=2

then V(r,)~r, . We conclude that limsup 7 =1. Thus,
ro+4o0 r
0 = limihf ——— < limsup — =1 < o0

> v([0r]) e v([0.7])
4.2 Volterra Operator

Theorem 32 Let u,v e M, be such that (u,v) satisfies (HP) and (H1). Let f e PSAP'"(R*,X), and let (U(t,s))t>s
be an o -periodic, exponentially stable evolutionary family (i.e. i)-v)  hold). Then, the operator

(T )(¢t) = J.;U(t,s)f(s)ds maps PSAP"(R*,X) into itself.

For the proof of this theorem, we need the following lemma:
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Lemma (Truncation lemma) Assume that the space £(R*;.X;u,v) is bi invariant under positive translations. Let
s>0 and /e CB(R*;X). Define

h(t—s) fort>s
(Rh)(1) =
h(0) for0<t<s
If
heE(RY X 1,v) ,
then

RheER", X;u,v).
proof. The function R/ is bounded. It is continuous on [0,s) and on [s, +®).
Moreover,

}E}(Rsh)(f) =h(0) =(R,h)s) .
Consequently,
RheCBR";X).
Let us define the positive translation operator by
(T.g)t)=qt+s), t20.
For all +>0, we have t+s>s, and it follows that
T (Rm)(@) = (Rh)(t +5) = h(t+5—5)=h(1) .
So,
T(RM@)=h .
Bi-invariance under translation gives
geER, X uv) o Tqe E(RY, Xy ,v) .

Applying this equivalence with g =R and by using the identity 7,(R.i)=/h , we obtain

RheER, X;u,v).
which completes the proof.

We are now in a position to prove Theorem 32.

proof. of Theorem 32 Set u=7f . First of all 7f is continuous and bounded. The boundedness is deduced
immediately from

! —a(t-s) E
[rr @l <klf], fe s < ]

Continuity follows from the strong continuity of (7,s) > U(t,s)x , the continuity of f , and Lebesgue dominated
convergence theorem (since on the compact set {(z,5):0<s <z <R}, we have the bound |[U(z,s)f(s)| <k|f]|,) -

For r>0, we have

1
v([0,7])

j;”’U(z +@,5) f(s)ds — I;U(t,s) 7(s)ds

I(r)=

[l + @) —u()ld ) =

1 r
o 4w

["U@+ o.5)f(s)ds+ j;“"U(H ©,5)f(s)ds — j;U(z,s) F(s)ds ||d u()

1 r
(0,7 J
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Hence

1 r
I <
= 0 J

jO”U(z + @,8) [ (s)ds| d u(t) +

L:U(t +@,5+0)f(s+o)ds - L’U(z,s) £ (s)ds

1 ,
ST 4w

By the @ -periodicity of the evolution family, we obtain

I(r)<

1
v([0,7])

jo‘”U(z +,s) f(s)ds | d u(t) +

1 -
v([0,]) J
[ U @s)(f (s + @) = f(s)ds|| dptey =1 () + 1.0r)

>

where

1

1.(r) =
= 0D

[ [l @s)(f(s+ @) - f(s)ds | dsd pte) .

r

1
L= o J

d (1)

jo‘”U(t + o, 0)U(w,5) f(s)ds

(t+ o, w)jo‘”U(w,s)f(s)ds du(t)

1 r
(0,7 J

1
= mj" U@+ @, 0(o)| d ue)
Using the assumptions on the evolutionary family (U(z,s)) > we obtain

[>X)

1
v([0,7])

1
v([0,7])

1(r) < J.Orke’“’ k()| d u(t) = k ()|

Since ¢ —0 as t—0), then Theorem 11 iv) implies that 7,(+)=0 as r > .

By exponential stability, we obtain

L(r)= ﬁ [ lu@s)s(s+ @) - f(s))|dsd ut)

k rr —a(t-s) _
= v([0,7]) j{) Ioe |/ (s + @)= f(s)|dsd u(2)
=0 ,[0 ,[o e o(s)dsd u(t)= (0. JO JO e “o(t—s)dsd u(t)

E

where ¢(s)=|f(s+®)- f(s)| . Then by Fubini’s theorem,

k r r —as _
Iz(r)smjojse ot —s)d u(t)ds

Since
f e PSAP! (R, X),
one has
peE(R R u,v).
For any fixed s>0, the preceding lemma gives
ReeER Ry uv).
For r>0 and 0<s<r, let’s define

1
v([0,7])

g,(s)= [ ot =5)d o) .
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For s>r, set g.(s)=0. Let s>0 be fixed. For r>s, one has

0<g.(9)="

0. ])j (R)0)d () .

As R is positive, we obtain

g,.(s)<

1
v([0,r])"°
Since R.pe (R, R; u,v), we obtain

g,(s) = 0(r > +0) ,

for any fixed s>0.

Thanks to (H1), there exist C >0 and 7, >0 such that

Therefore, for »>7 and s>0,

0<5.0) <ol 27 <Clol.

The estimate previously obtained in (22) can then be written in the form
L)<k J.(:xe’““gr(s)ds .
Moreover,
0<e™g.(s)<C H(pre"”
and the function on the right-hand side is integrable over R*. The dominated convergence theorem therefore implies
I,(r)—>0 as r > 4o,

which proves that u e PSAP/"(R",X) .

4.3 Double measure pseudo S-asymptotically o -periodic functions with parameters

In what follows, we consider doubly measure pseudo S -asymptotically @ -periodic functions with parameters.

Throughout this subsection, X and Y are Banach spaces with norms ||-||, and ||-||, , respectively, and J e {R*,R} . The
subscript ub means uniformly on bounded subsets of X .

Definition 33. Let f:JxX —Y be continuous. We say that f € SAP, ,(JxX;Y) if, for every bounded subset Bc X,
the following conditions hold.

(i) For every xc B,
f(x)eCB(]Y) .

(ii) For every &>0, there exist 5§ >0 and a bounded subinterval I cJ suchthat, for all yeB,

=y, <6= S%H‘f(t,x)—f(f,y)\k sé-

(i)
lim supr(t-ka) x)— f(t, x)H =0.

|t|>+0

Remark Condition (ii) is satisfied, in particular, when the mapping x> f(,x) is uniformly continuous on every
bounded subset of X , with respect to the supremum norm in the time variable.

Definition 34. Let y,ve M, and let f:JxX —Y be continuous. We say that

f e PSAPY (Jx X,Y)
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if, for every bounded subset Bc X, the following conditions hold.
(1) For every xeB,
f(x)eCB(lY) .
(ii) For every &>0, there exist 6 >0 and a bounded subinterval I cJ suchthat, for all x,yeB,

Hx—yHX <5=> SIngf(t,x)—f(t,y)‘L/ <g. (23)

(iii) The scalar-valued function

t > sup|f(t + w,x)— f(t,x)|, belongs to &(J.R;u,v).
xeB

Remark. In Definitions 33 and 34, condition (i) may equivalently be replaced by
f(,0)eCB(lY) .
4.3.1 Composition Results

Lemma 35. Let f:JxX—>Y be continuous and satisfy condition (ii) of Definition 34 . Assume that
f(,00eCB(1,Y), and let geCB(J,Y). Then the function t+ f(t,g(t)) is bounded on J .

proof. The proof follows the first part of the proof of the Proposition 4.1 in [25], with J in place of R .
Theorem 36 Let u,v e Msatisfy (H1). Assume that
[ ePSAP*2(Ix X,Y) and @ e PSAP*" (J,X)
Then the function
[t f(t,0(1))] belongs to PSAP"(J,X).
proof. : 1) By Lemma 35, the function ¢ — f(¢,¢(¢)) is bounded.
2) One has

f(t+a),(p(t+a)))—f(t,(p(t)):f(t+a),(,/)(t+w))—f(t,(p(t+a)))
+f (Lot + @)= £ (t.0(1) '

Also, one has
£t + )0t +0) - f (Lot + o) )|< sup I +o.x)- fe.x)]»
where B is a closed ball that contains ¢(J) , which implies that
1 f(t+0,00+0)-f(t,p(+o)) is (uv)-ergodic. (24)

On the other hand, for every ¢ >0, there exist § >0, and 3/ a bounded interval / such that,

Vx,y€B, x—yHS = S%I\)IHf(t,x)—f(t,y)HS €.
te

In particular, one has:

vie I\, Jot+ o) = o< 5= |f (Lot+ )1 (oo)< e
then by putting
4,5 ={tel \IL, |pt+o)-p0)|> 5},
and
B, ={teI\L |[f.(t.00+ @)~ f (t.o0))]> £},

we obtain B, — 4, ;. Thus

oo HBL) _uA,)
v D) v N\ T) o

>
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(since 1 ot + @) —(t) is (u,v)—ergodic, from which we have

B .
. >0, #B,.) -
V(I N\ T) e

>

it follows that
i f(tot+w)-f (o)) is (u,v)—ergodic. (25)
From (24) and (25), we deduce that ¢+ f(1+,0(+®))-f(t,p(t)) is (u,v)—ergodic , which means that

1 f(1,p(t)) belongs to PSP (1.Y)-

Corollary 37 Let ¢pePSAPY"(1,Y), and let ®:X —»Y be a (generally nonlinear) operator which is uniformly
continuous on the bounded subsets of X . Then the function F:J —Y defined by F(t)=®o(t) is in PSAP*"(J,Y)-

proof. Since ¢ is bounded, there exists R>0 such that ¢(J)c B(0,R) . The result is then a direct consequence of
Theorem 36 with B=B(0,R) and f(t,x) = ®(x).

Proposition 38 [/25], Proposition 4.2] Let E,,E,..E, and F be Banach spaces. If u:E x..E, —> F is continuous
and n- linear function, then u is uniformly continuous on every bounded set.

Corollary 39 Let E E,.,E, and F be Banach spaces. If u:E, x.E, — F is a continuous n-linear function, and
f € PSAP"*(J,E,) then u(f,,...f,) € PSAP*"(I,F) .

proof. Itis a consequence of Corollary 37 and Proposition 38.

Consider the following hypothesis (H3). Let f:JxX —Y be continuous.

Assume that f(JxB) is bounded for every bounded subset B of X, that s satisfies condition (iii) of the
Definition 34 and / satisfies a time dependent Lipschitz condition in he the second variable, uniformly with
respect to the first variable. Specifically, there exists ¢ e B(J,R,u,v) that is locally integrable on J such that:

|/ @x) = f@ )| < (@) e -y

Theorem 40 Let u,ve M be such that (u,v) satisfies (H1), andlet f:JxX —Y . Assume that the condition (H3)
is satisfied, and let u e PSAP!"(1,X) . Then the function f(.u(.)) belongs to PSAPY*(J,Y).

,x,yeX,tel,

proof. : Since u e PSAP*"(J,X) , the function u belongs to CB(J,X) . There exists a real number R>0 such that
u(J)c B,(0,R) . For all teJ, we also have u(z + w) € B,(0,R) . By hypothesis (H3), the image of JxB,(0,R) under f
is bounded. Let’s set

M =sup{|f(t.x)],:t€ L. xe B(0.R)} .

Then M <+wo . As f and u are continuous, the function ¢+ f(¢,u(t)) is continuous, and also bounded, because
|/ @ u(@)|, <M . For r>0, we put

D(r) = %{ML I/ (t+ @u + @)= f (Gu@) )| 4 u@) -

By adding and substracting f'(z,u(z + ®)) , we obtain D(r) < L(r) + K(r) , where

1
L(r)= sah |/ (t+ o.u(t+ @)= f (tu(t + o) d u)

and
1
K(r)= TJI,)LL | (t.ute+ @)= 1 (e.u(®))| d pa0) -
As u(t+ ) e B,(0,R) , one has

L(r):;jj sup Hf(t+ a),x)—f(t,x)Hydy(t) .

v(J,) "3 xeBy (0.0

The uniform ergodicity condition contained in (H3) then yields
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L(r)—0, (r > +w0).
Fix £>0 and set

A4, ={teJr :

u(t+ a))—u(t)HX > g} .

On 4

r.e 2

we use the boundedness of f on JxB,(0,R):

£ (tutt + @) - £ (Lu)], <C

where C=2M .On J \4

r,.E 2

the Lipschitz condition yields

|/ (et + @)= £ (u®))|, < €O ut + @) —u) |, < £42)

Consequently,

M), 1 At)d pu(t)

K(r)=C
W= Fayh

Since u e PSAP*"(J,X) , the function [t u(t+®)—u(t)]e W, X;u,v) . The characterization of ergodic functions
therefore implies, for all ¢>0,

u(4,,)
v(J,)

-0 (r—>+4m).

Furthermore, since /e B(J,R*;x,v) , the number N :limsup% L
roo VI(J,

t)d u(t) is finite. By taking the lim sup in the

estimate for K(r), we obtain 0<limsup K(r) < &N . This last inequality holds for all £ >0. Letting & tend to zero, we

obtain limsupK(r)=0. As K(r)>0, we conclude that

K(r)—>0 (r > +x).
Finally,

0<D(r)<L(r)+K(r),

and it follows

D(r)—>0 (r > +x) .
Thus, the [ — f(t,u(t))]€ PSAP/"(1.Y) - The proof is complete.
Theorem 41 If (HP) and (H1) hold, then £(J,X,u,v) c PSAPY(J,X) forall @>0.

proof. Let fe&(J,X,uv) . By Theorem 18, we have £(J,X,uv) is translation invariant, so f, e £(J, X, u,v) . It
follows that f, — /e £(J, X, u,v) .

Consequently, f e PSAP!"(J,X). This completes the proof.

5. Applications to Evolution Equations

Now, consider equation (1).
In the sequel, we make the following assumptions:

h() A(r) generates an - periodic (0>0) exponentially stable evolutionary family in X .

hy ) Let f:R*xX — X be continuous. Assume that, f(R*xB) is bounded for every bounded subset B of X ,
that f satisfies condition (iii) of the Definition 34 and that s satisfies a time dependent Lipschitz condition in
the second variable, uniformly with respect to the first variable. Specifically, there exists /e B(R",R*,u,v) that is
locally Lebesgue integrable on R* such that

Ilf .0 = &)< to -y

, x,yeX, t>0, (26)

and
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limsup I;e’““"”f(s)ds < % . 27)

11—

Definition 42 A continuous function x:R* — X is called a mild solution of (1) if
x(t)=U(t,0)x, + 'L:U(t,s)f(s,x(s))ds fort=0

Theorem 43 Let u,ve M be such that (u,v) satisfies (HP) and (HI1). Under assumptions hi)-hz), equation (1)

possesses a unique mild solution in PSAP!" (R*,X)-

proof. Consider the mapping T defined on pPs4p*"(R*,X) by
Tu(t) = U(t,0)x, + j;U(t,s) £ (s,u(s)ds) . (28)
By Theorem 32 and Theorem 40,
[: N L’U(t,s) f(s,u(s))ds} € PSAP"* (R", X) .
Moreover, property (v) in Definition 1 yields the following inequality:
U0y < ke |

Then [t U(1,0)x,]e C(R*,X) = PSAP/"(R*,X) (By Theorem 11). Thus 7 is well-defined. Now, for all
u,ve PSAP/"(R",X) , and all reR"

H(Tu)(t) - (Tv)(t)H < O-f;ke’“(”“)/@(s) ‘P(S) —v(s) #Zs . (29)
The condition (27) implies the existence of 5 >0 such that
! —ali-s 1
M= sg))Le =9 0(s)ds < e (30)

Consider the function ¢,(r) = £(1)1,,(t) . Then since /e L, (R"), we have ¢, e L'(R") . Let ¢ >0 - Define an equivalent
norm on PSAP""(R",X) (by

N(f)=supe | f(1)], where ¢>0 and L(1)= J.(:fb(s)ds .
teR"

The function L is absolutely continuous on R*, and we have (e’C”’””‘ 7], <N(H<| me) .
Hence PS4P*"(R",X) equipped with N is a Banach space. From (29), we have for all e R"

(7o) - @o)e) | < kN @ =v) [l tsye s

<kN(u- v)(j;e"’(”“)fb(s)e“mds + J‘;e’”“"‘)f(s)l RH\[Ob]e‘“")ds )

<IN =v)| [, Vs + e e U (5)ds 1
— |

10 AG) )
On the one hand, since L is absolutely continuous and L'(r)=/¢,(f) ae., we have

peag)

1,(1) :%(ef“” 1)< -

On the other hand, we have for all e R*
L) <e™™M . (Since L,(t)=0 for t<b.)

Hence for all u,ve PSAPY"(R*,X).

N(Tu—Tv)S[E+ijN(u—v) .
c
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By (27), kM <1. Choosing c>1 k

point. Therefore, Equation (1) has a unique mild solution in PSAP!"(R*,X).

Theorem 44 Condition (27) in h,) holds if at least one of the following five conditions is satisfied:

D e

(24
s <‘ij.

1_ —a
2) |y <——. where |

P [ty =sup [ t6s) dis <o

3) }ijgjt’+lf(s) ds=0.

4) rel’(RY), with 1<p<o.

5) lim#(1)=0.

proof. 1) This follows from the inequality:

t+ ¢ k Z
ksup'[ 1e,a<t-S>g(s) ds <k HfHLwSup J‘Oe—a«.s)d(s) _ &<1 .
! teR+ o

teR+

2) Assume that the second condition holds, that is

|
Iy <

, where ], =sup [ ¢(av
az0 %
For >0, let’s put
I(t) = I;e'“("s)é(s)ds .
Let us make the change of variables u =¢—s . Then, one has s=7—u and ds =—du . It follows that
1(t) = I;e'””f(t —u)du .
Now, let t>1. Let n denote the unique integer such that n<t<n+1. We decompose the integral as follows
L S t
=y e — u)du +f et —uydu .
j=0"" !
For every integer ; such that 0< j<n-1, one has
J+1 S
j_ et —u)du < e j "ot —u)du .
J J
In the next integral, set v=r—u . We obtain
J+l t—j
[ te—wdu=[ " tydv<f] .
Thus

J‘_/He’““ﬁ(l‘ —u)du<e HZ
J

st
For the last part of the integral, we obtain
t t
I e ™t —u)du < eim’J. Ut —u)du .
Using the change of variables v=¢-u again, we obtain
[ j;"’f(v)dv .
As 0<t-n<1, it follows that

[ eav<|e]. -
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Consequently,

J.[e'””f(t —u)du <e™

éHs‘ *
By combining the previous estimates, we obtain
1<)y e
j=0
The geometric series yields
1-e™*
Thus,

|

limsup J.(: e (s)ds < o Si .

a

—>+0

By the second condition

Mo 1
1-e* k

Then, we obtain

limsup jo U (5)ds < % .

This proves the required inequality.

3) One has

t t lr J+
1(t)= J.Oe’“(””ﬁ(s)ds = e""J.O e*((s)ds < e’mj'o ]e”f(s)ds

Ll i L] ) 4l Le]
< e"”z.[’_ e I(s)ds < e E e’ (””J‘_ £(s)ds =e o Ze"’ U+b
J - J -
Jj=0 Jj=0

j=0""

t—>+0

) Ll . ety _q 1
=e "o e =" —o0(1) > 0< —
z e -1 @ k

j=0

To justify the last result, we can use the following classical result on the series with positive terms:
If u,=0(v,) and 2V, diverges, then 2.4 —O[Z",f}~
n=0 Jj=0 Jj=0

4) 1t is clear that if € L"(R") with p=1, then }ijgj.:ﬂf(s)ds =0 . The same conclusion holds for p>1 by Holder’s

inequality

Lmé(s)ds < (j' (Z(s))pdsw)i .

Hence, in both cases, one can apply 3).
§) lim/(#)=0 implies }ijgjtr+lf(S)dS =0, hence one can apply 3).

Consequently, (27) is satisfied. Therefore, by Theorem 43 equation (1) has a unique mild solution in
PSAP" (R, X) .

Remark 45 Theorem 43 covers the case of semilinear equations where the linear part is the infinitesimal
generator of a semigroup which is exponentially stable. Consider the equation (1), where x,€ X and A:D(A4)—> X

is the infinitesimal generator of a semigroup (T(t))_, . If the semigroup is exponentially stable, with |T(1)||<ke™™

0 "
for all t>0, and f satisfies h2) and (u,v) satisfies (HP) and (HI1), then Equation (1) possesses a unique mild
solution in PSAP**(R*,Xx). This last result is a corollary of Theorem 43 by setting U(t,s)=T(t-s) for t=s.

Let us recall the following proposition which is needed in what follows.
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Proposition 46 [/26], page 37] Let X=L*(R"), A=A, and D(A)=W>*R") . The operator A generates a
contraction semigroup on X and it is self-adjoint. Moreover, its graph norm is equivalent to that of W>*(R").

5.1 Illustrative Example

Example 47 In this subsection, we apply Theorem 43 with pu=21 (where 1 is the Lebesgue measure and v is the

measure defined by 21), to establish the existence of a (1,v) S -asymptotically o -periodic solution. Let us consider

the following reaction-diffusion model with time-dependent diffusion coefficients given by:
gu(t,x) = 5(t)iu(t,x) +d(Ou(t,x) + ] f (L)), e R,
ot o’

u(0,.) =u, e (R, 1)

€2))

where &;d:R—>R are continuous w-periodic functions and there exist d, , 5,>0 such that &5(t)>8, and
dt)<—-dVteR".

Equation (31) is understood as an abstract evolution equation in X =L*(R) and its solutions are considered in the
mild sense.

The abstract formulation of the problem (31).

In order to establish the existence and uniqueness of the (1,v) -pseudo S -asymptotically o -periodic solutions to our
model, given by Equation (31), we give its associated abstract form:

u'(t) = A@Ou@) + £ (t,u@));, te R, (32)

Here u(t) denotes the mapping u(t)=u(t,.):x —>u(t,x) . First, Proposition 29 and example 31 show that (HP)
and (HI1) are satisfied.

FiR'xX > X,
More precisely, the function used in the example is defined by
J(6.9) =h()g(9) +b(1), 1 20, e X |
where pe PSAPIY(RT,X) , g: X —>X s Lipschitz continuous on x  with Lipshitz constant ‘, and

h(t):exp(—tz\sin(mﬂ). Thus, all time-dependent functions are considered on the same time domain as the equation.
If the coefficients are initially defined on R, only their restrictions to R* are used in the example. We set

X =I’)(R), D(4)=H*(R),

2
where H*(R) is the usual Sobolev space, and for every ¢e D(A), Ap= f{ Zj . Thus,
X
A:D(A)cX > X

is the usual realization of the one-dimensional Laplacian in I'(R). Since the spatial domain is the whole real
line, no boundary condition is imposed.

Finally, the family of operators is given by
A(t) = S(O)A+d(O), >0, with D(A(t))=D(A)=HYR) .

1t is well known that (A,D(A)) generates a bounded strongly continuous semi- group (T(t)),,, on X , i e.,
[(T@)|<M (see [26], p. 37). Now, clearly, the operator

A(t)=8(t)A+d ()] with D(A(t)=D(A);, teR"
generates the strongly continuous evolution family

Ut + o,5 + ) =U(t,s) = exp ( L‘d(a)da )T ( ) j&(r)dz' } (>s .

Note that the formula T(If&(z’)dr), t>s , corresponds to the mild solution for Equation (31) with d = f =0. Moreover,

we have

Ut.s)p| < Me=

(pH, tzs, peX .
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Therefore, hypothesis hy) is satisfied.
Let us prove that he I'R*",R)NER*,R, A,v) . Indeed

1 —

n+l 2 1 2.
— (t+n)” sin(xt) < —n” sin(7t)
L | h(t)| dt joe dt __[Oe dt

1 1
=2 joz eI < 2 joz edt=0 (%) Thushe (R, R)

n
Therefore, the fourth condition in Theorem 44 is satisfied, so relation (27) in hz) holds.
Since u=A is the Lebesgue measure, L'(R*,R,1)c &R, R,A,v). Consequently heER*,R,A,v).
On the other hand

I o) = f ) < [nO)e(@) — gD, + [ b+ @) -b®) |,
<[a@xg(@) - g, + | b+ w)-b(®) |,
<h@)| L, |o—w], +] b+ @) =b@)|, =0 p-w]|, + |6t + @) =) |,

where
[t U0 =1h1)] € ER",R, 4, v) c BRSR, 4,v) ,
moreover one has
|f @+ @.0) = Ft0)], I h(t +@)=h@) | |2(@)|, + |6 + @) =b@) |, -
SuEHg(‘/’)HX <C (for some constant C).
pe
In fact, B is contained in some closed ball B(0,R) -
|g(@) < g(@) -2 |+ g < £, [ o]+ gO)<C,

where C=1{,R+|g(0)].

V([(; r]) J.O’ uEH~f(t+a)’(/))_f(t,§0)HXdﬂ(t)

C
v([0,7])

< 2CHhHL‘(]R+) + 1 J.er(t-,— w)— b(t)H dA(t)
v w0 )

1
v([0,7])

< [ 1+ @)= bty d A + [/ Ipte+ @) bio) | d ()

therefore

1 _
}ggmfo supllf ¢+ @.0) = f(1.9)] A1) =0,

hence condition (iii) of the Definition 34 holds. On the other hand, since g is Lipschitz continuous, therefore it
maps every bounded set to a bounded set. Thus, for every bounded subset B of X,g(B) is bounded. Since h and b are

also bounded, f(R*xB) is bounded. Hence, hypothesis (hz) holds, and all assumptions of Theorem 43 are
satisfied. Hence we have the following main result: equation (32) has a unique mild solution which belongs to
PSAP} (R, X).
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